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Abstract 

In this paper we investigate the vacuum polarization effect associated with a quantum 
massive scalar field in a higher dimensional de Sitter spacetime in the presence of a cosmic 
string. Because this investigation has been developed in a pure de Sitter space, here we are 
mainly interested on the effects induced by the presence of the string. So this analysis is 
developed by expressing the complete Wightman function as the sum of two terms: The first 
one corresponds to the bulk where the cosmic string is absent and the second one is induced 
by the presence of the string. By using the Abel-Plana summation formula, we show that 
for points away from the string the latter is finite at the coincidence limit and it is used to 
evaluate the vacuum averages of the square of the field and the energy-momentum tensor 
induced by the cosmic string. Simple asymptotic formulae are obtained for these expectation 
values for points near the string and at large distances from it. It is shown that, depending 
on the curvature radius of de Sitter spacetime, two regimes are realized with monotonic and 
oscillatory behavior of the vacuum expectation values at large distances. 

PACS numbers: 03.70.+k, 98.80.Cq, 11.27.+d 



1 Introduction 

De Sitter (dS) space is the curved spacetime which has been most studied in quantum field 
theory during the past two decades. The main reason resides in the fact that it is maximally 
symmetric and several physical problems can be exactly solvable on this background; Q moreover 
the importance of these theoretical analysis increased by the appearance of the inflationary 
cosmology scenario [2]. In great number of inflationary models, approximated dS spacetime 
is employed to solve relevant problems in standard cosmology. During an inflationary epoch, 
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*De Sitter space enjoys the same degree of symmetry as the Minkowski one [T] 
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quantum fluctuations in the inflaton field introduce inhomogeneities and may affect the transition 
toward the true vacuum. These fluctuations play important role in the generation of cosmic 
structures from inflation. More recently astronomical observations of high redshift supernovae, 
galaxy clusters and cosmic microwave background [3] indicate that at the present epoch, the 
Universe is accelerating and can be well approximated by a world with a positive cosmological 
constant. 

Cosmic strings are linear topologically stable gravitational defects which appear in the frame- 
work of grand unified theories. These objects could be produced in very early Universe as a 
consequence of spontaneous breakdown of gauge symmetry [IJ[5]. Although recent observations 
data on the cosmic microwave background have ruled out cosmic strings as the primary source 
for primordial density perturbation, they are still candidate for the generation of a number of 
interesting physical effects such as gamma ray burst [6], gravitational waves [7] and high energy 
cosmic rays [8]. Recently, cosmic strings have attracted renewed interest partly because a variant 
of their formation mechanism is proposed in the framework of brane inflation [9]-[llj. 

Many of high energy theories of fundamental physics are formulated in higher dimensional 
spacetimes. Although topological defects have been first analyzed in four-dimensional spacetime 
[HE], they have been considered in the context of braneworld as well. In this scenario the defects 
live in a n-dimensions submanifold embedded in a (4 + n)-dimensional Universe. The cosmic 
string case corresponds to two additional extra dimensions. In this context the gravitational 
effect of global strings has been considered in [121 fl~3] as responsible for the compactification 
from six to four spacetime dimensions, naturally producing the observed hierarchy between 
electroweak and gravitational forces. The analysis of quantum effects for various spin fields on 
the background of dS spacetime, have been discussed by several authors (see, for instance, pQ 
and [H]-[32] and references therein). Also for the cosmic string spacetime these analysis have 
considered in [83]- [38] and [39]- [13], for scalar and fermionic fields respectively. 

In this paper, we shall investigate the one-loop quantum effects arising from vacuum fluc- 
tuations associated with massive scalar field on the background of higher dimensional de Sitter 
spacetime considering the presence of a cosmic string in it (for cosmic strings in background of 
dS spacetime see [44]- [47]). Consequently these effects will take into account the presence of 
the curvature of the spacetime and the non-trivial topology associated with the two-dimensional 
conical sub-space. The results obtained here can be used, in particular, for the investigation of 
the effects of the quantum fluctuations induced by the string in the inflationary phase. Though 
the cosmic strings produced in phase transitions before or during early stages of inflation would 
have been drastically diluted by the expansion, the formation of defects during inflation can be 
triggered by a coupling of the symmetry breaking field to the inflaton field or to the curvature 
of the background spacetime (see, for example, [5]). The cosmic string can also be continu- 
ously created during inflation by quantum-mechanical tunnelling [48j. Another class of models 
to which the results of the present paper are applicable corresponds to string-driven inflation 
where the cosmological expansion is driven entirely by the string energy [3S]. The problem 
under consideration is also of separate interest as an example with gravitational and topological 
polarizations of the vacuum, where all calculations can be performed in a closed form. 

The paper is organized as follows. In section [2] we present the background associated with 
the geometry under consideration and the solution of the Klein-Gordon equation admitting an 
arbitrary curvature coupling. Also we present the complete Wightman function and consider the 
special case where the planar angle deficit in the cosmic string subspace is an integer fraction of 
2n. In sections [3] and H] we calculate the vacuum expectation values of the field squared and the 
energy-momentum tensor induced by the cosmic string. Finally the main results of this paper 
are summarized in section [5j Appendix contains some technical details of the obtainment of the 
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Wightaman function in a more workable form. 



2 Wightman function 

The main objective of this section is to calculate the positive frequency Wightman function 
associated with a massive scalar field in a higher-dimensional de Sitter spacetime taking into 
account the presence of a cosmic string. This quantity is important to the calculation of scalar 
vacuum averages. In order to do that we first obtain the complete set of eigenfunctions for the 
Klein-Grodon equation admitting an arbitrary curvature coupling. The geometry associated 
with the corresponding background spacetime is given by the following line element: 

ds 2 = dt 2 _ e 2t/ a{dr 2 + r 2 # 2 + £ dz 2 } ? (1) 

i=l 

where r > and <f> S [0, 2it/q\ define the coordinates on the conical geometry, (t, zi) G (-co, oo), 
and the parameter a is related with the cosmological constant and Ricci scalar by the formulae 

being D the dimension of the spacetime given by D = 3 + N. The parameter q is bigger than 
unity and codifies the presence of the cosmic string. H For further analysis, in addition to the 
synchronous time coordinate t we shall use the conformal time r defined according to 



t = —ae 



- t/a , -oo < t < . (3) 



In terms of this coordinate the above line element takes the form 

N 



ds 2 = (a/r) 2 (dT 2 - dr 2 - r 2 d(f) 2 -^dz 2 ) . (4) 



i=l 



The line element ([TJ can also be written in static coordinates. For simplicity we consider the 
corresponding coordinate transformation in the case D = 4 with N = 1. This transformation is 
given by the relations 



t = t s + -ln(l -r 2 /a 2 



t a /a , 



r,e "' sin 



-ts/a l 
a/1 - rl/oi 2 



r s e Ls ^cosV 

z ± = u o, o r > <P = 0' ( 5 ) 



and the line element takes the form 

ds 2 = (1 - r 2 /a 2 )dt 2 ^f— - r 2 (d6 2 + sin 2 0# 2 ), (6) 

1 — r^/a z 

with < <f> < 2ir/q. Introducing a new angular coordinate ip = qcf), from Q we obtain the static 
line element of the de Sitter spacetime with deficit angle previously discussed in [36]. In this 



2 It can be shown that by defining the coordinates zo = as'mh(t/a) + j^ et ^ a ( r2 + x 2 ) , zd = acosh(t/a) 
j-e'^ a (r 2 + x 2 ) ,z\ = e t '°'rcoS(t> , 22 = e t ^ a r sin <j> , and Zj+2 = e t ^ a Xi, they represent a hyperboloid z 2 — z\ 
zf — z'f — z'fj = —a 2 embedded in a (D + l)-dimensional conical spacetime. 
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paper it is shown that to leading order in the gravitational coupling the effect of the vortex on 
de Sitter spacetime is to create a deficit angle in the metric ([6]). 
The field equation that will be considered is 

(ViV' + m 2 + £R)$(x) = , (7) 

where £ is an arbitrary curvature coupling constant. The complete set of solutions of this 
equation in the coordinate system defined by is: 

Q a (x) = C^ D - 1 V 2 Hl 1 \\7 1 )J qlnl (pr)e lk - z+m * , r, = ae^, (8) 



where A = \J p 1 + k 2 , k = |k|, 

v = y 7 (D - l) 2 /4 - £D(D - 1) - m 2 a 2 , n = 0, ±1, ±2, ... (9) 

In ([8]), and J v represent the Hankel and Bessel functions respectively, and a = (p, k, n) 
is the set of quantum numbers, being p £ [0, oo). The coefficient C a can be found by the 
orthonormalization condition 

- i J d D - x xyM9 m [®*{x)dtK>(x) - K'{x)dtK(x)\ = <W . (10) 

where the integral is evaluated over the spatial hypersurface r = const, and 5 a ^> represents the 
Kronecker-delta for discrete indices and Dirac-delta function for continuous ones. This leads to 
the result 

2 _ qp e «("-">/3 

8a fl - 2 (2vr)^3 ' V 1 ) 

for the normalization coefficient. 

We shall employ the mode-sum formula to calculate the positive frequency Wightman func- 
tion: 

G(x,x') = J2^(x)K^') ■ (12) 
Substituting ([SJ), with respective coefficient (TTT|) . into (fI2|) we obtain 

G(x,x) = 8aD - H2n)D - 3 1 d PP Jd^e 



+oo 

X 

n=— oo 



E e^J g | n |(pr)J 9 |„|(pr')^ 1) (Ar ? )[ J ff( 1 )(Ar ? ')]* , (13) 



with Az = z — z', A0 = cj) — (j)'. In appendix [X] we show that the expression for the Wightman 
function can be transformed to the form 



„ ( '\(D-l)/2 00 , roc 

G ( x ' x ') = ^(D+i)/2 a D-2 E co S (ngA0) y ^n( D ^ 3 )/ 2 e-^V(2rr'n)^(2W«) , (14) 



( w ')P-1)/2 

/; (I 

with 



7= |Az| 2 +r 2 + r /2 -r/ 2 -?/ 2 . (15) 

In (|14p the prime on the sign of summation means that the term n = should be halved. 

The analysis of the vacuum polarization in the higher dimensional dS spacetime, with toroidal 
compactification of extra dimensions, have been developed in I3T| I32| . Here we are mainly 
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interested in quantum effects induced by the presence of the cosmic string. In order to investigate 
these effects we introduce below the subtracted Wightman function 

G s (x, x') = G(x, x') - G(x, x%=i . (16) 

As the presence of the string does not change the curvature for the background manifold for 
r 7^ 0, the structure of the divergences in the coincidence limit is the same for both terms on the 
right hand side. Hence, for these points the function G s (x,x') is finite in the coincidence limit. 
Regarding to the value of the parameter q, two different approaches to obtain G s (x,x') will be 
provided in the follows. 



2.1 Special case with an integer q 

The general expression for the scalar Wightman function, Eq. (|14p . becomes a simpler one 
when q is an integer number. In this case the formula (|14p is further simplified by using the 
relation [50] 

°° / 1 91 

cos(nqA(j))I qn (2rr'u) = — ex.p[2rr'u cos(A0 + 2irk/q)]. (17) 

n=0 ^ k=0 

Now the integral over u is evaluated with the help of formula 

•^Oe-K.™*) - r(D/ ^f g _ 1)/2 r(^-.)r(^ + , 

D-l D-l D l-c/27/rA 



xF \ — + z/ >^ — i/ ;^r; 



2 ' 2 J ' 



where F(a, b; c; z) is the hypergeometric function. 
Introducing the notation 



(4-7r)- D / 2 / D — 1 \ /D-l 



+ 1/ , (18) 



the Wightman function is presented by a sum of q images of the dS Wightman function, 

9-1 

G(x, x') = A D a 2 ~ D G(c k (x, x')) . (19) 

In (|19p we have introduced the notations 

G(*)= F(^± + v,^±-w,^;l-z") , (20) 

and 

, |Az| 2 + r 2 + r' 2 - 2rr'cos(A^ + 2i\klq) - (Ar/) 2 , . 

c fe (x, x ) = — . (21) 

The k = term of (|19|) is divergent at the coincidence limit and coincides with the Wightman 
function in dS spacetime. Finally, the part in the Wightman function induced by the cosmic 
string, G s (x,x'), is given by 

9-1 

G s (x, x>) = A D a 2 - D G(c k (x, x')) , (22) 

k=l 
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which is finite at the coincidence limit. 
Note that by making use of the relation 

D-l, D-1 D 1 — u\ 2 D ' 2 - 1 rQD/2) ^ D/2 

— + v > — - v 'r—) = (wpP p »-w («). ( 23 ) 

we can express the function G{z) in terms of the associated Legendre function of the first kind. 
In the case of massless field and conformal coupling, 

f = f'=4^1)' < 24) 
one has v = 1/2 and for the function ([20]) we find G(z) = z 1 ^ / 2 . 

2.2 General case 

For the general case of q the subtracted Wightman function can be expressed by 

( 7171 n(D-l)/2 /-oo 

GsM = ™> „_ 9 / duu^/ 2 e-^K v {2 m 'u) 



n (D+l)/2 a D-2 J 

OO 

[qcos(nqA(f))I qn (2rr'u) — cos(nA(fi)I n (2rr'u)~\ . (25) 



oo 

X 
n=0 



A more convenient expression for this function can be provided by using the Abel-Plana formula 
(see, for instance, |51j ) for the summation over n: 



ra=0 



Y J F(n)= duF(u) + i du _\ . (26) 



Now we can see that in the evaluation of the difference the terms coming from the first integral 
on the right of the Abel-Plana formula cancel out and one obtains 

V" [qcos(nqA4>)I qn (z) - cos{nA(f))I n (z)} = - / dv cosh(vA(p) g(q, v)K iv {z), (27) 
fr?, ' * Jo 

(28) 



n=0 

with the notation 



g(q,v) = sinh(v™) (^^y - &2 J_ J • 
As a result the subtracted Wightman function takes the form 



r D-1 

G s (x,x') = 2 } 2 - / duu^e-^ u K v {2 m 'u) 



7r 2 a- 0-2 



x / dv cosh.(vA4>)g(q,v)K iv (2rr'u). (29) 
./o 

For a conformally coupled massless scalar field we have v = 1/2: 



D-2 



G s (x,x') = 2 - - j dv cosh(vA<f))g(q,v) / duu^e-^+^'^i^rr'u). (30) 



7r 2 a D 2 



In this case the problem under consideration is conformally related to the problem with a cosmic 
string in the Minkowski spacetime and the corresponding subtracted Wightman functions are 
connected by the standard conformal transformation. 
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3 The computation of ($ 2 ) 



The formal expression for the vacuum expectation value (VEV) of the field squared is given by 
evaluating the Wightman function at the coincidence limit: 

($ 2 (x)) = lim G(x,x') . (31) 

x'^x 

However this procedure provides a divergent result and to obtain a finite and well defined value 
some renormalization procedure is necessary. The important point here is that the presence of 
the cosmic string does not introduce additional curvature. Thus, the divergences are contained 
in the part corresponding to the pure dS spacetime and the string induced part is finite for points 
outside the string. As we have already extracted the first part, the renormalization procedure is 
reduced to the renormalization of the dS part in the absence of the string which is already done 
in literature |15^ [T6| [T7] . So according to the fact that 

G(x, x') = G dS (x, x') + G s (x, x') (32) 

we can conclude that 

<$ 2 ) = <$ 2 >ds + (* 2 )s, <<*> 2 )s = G s (x, x) . (33) 

Due to the maximal symmetry of the dS spacetime the VEV (<3? 2 )ds does not depend on the 
spacetime point. In the special case of q being an integer number the resulting formulae are 
essentially simplified and in the following we present the corresponding calculations separately. 

3.1 Special case 

For integer q we use (|22l) . The VEV is promptly obtained: 

9-1 

($ 2 ) s = A D a 2 - D Y^ G(c k ), (34) 

k=l 

with 

c fc = y sin 2 (irk /q), y = r 2 /r] 2 . (35) 

Note that the VEV (|34p is a function of the ratio r/rj which is the proper distance from the 
string, ar/rj, measured in the units of the dS curvature radius a. In the discussion below, 
for the evaluation of the VEV of the energy-momentum tensor we will need also the covariant 
d'Alembertian for the string induced part in the VEV of the field squared: 

V CT V CT (<D 2 ) S = 2A D a~ D c k [2(1 - l/y)[c k G' (c k )}' + (D - l)G'(c k )] , (36) 

k=l 

where the prime means the derivative with respect to c k . The second derivative in this expression 
can be excluded by using the equation for the function G(z) which is easily obtained from the 
hypergeometric equation: 

(1 - z)[zG'(z)]' - [1 - D/2 + (D- l)z]G'(z) - [$D(D - 1) + m 2 a 2 ] G{z) = 0. (37) 

For the first derivative of this function one has 

G'(z) =-1 [iD(D - 1) + m 2 a 2 ] F (E±l + „, E±l - „; | + 1; 1 - . (38) 
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In figure [T] we have plotted the string induced part in the VEV of the field squared versus the 
ratio r/rj (proper distance from the string measured in units of a) for minimally coupled scalar 
field (£ = 0) with ma = 1 (left panel) and ma = 2 (right panel) in 4-dimensional spacetime. 
The numbers near the curves correspond to the values of the parameter q. For the left panel 
the parameter v is real and for the right one this parameter is imaginary. In the latter case the 
oscillatory behavior of the VEV is seen at large distances from the string. A simple formula for 
the asymptotic behavior of the VEV of the field squared at large distances from the string will 
be given below for the general case of the parameter q. 




I 2 3 4 5 1 2 3 4 5 6 7 8 

rln r/rj 



Figure 1: The string induced part in the VEV of the field squared as a function of the ratio 
r I j] for various values of the parameter q for a minimally coupled scalar field with ma = 1 (left 
panel) and ma = 2 (right panel) in 4-dimensional dS spacetime. 



For a conformally coupled massless scalar field form (|34p one finds 

^ ' k=l 

For even values of D, the summation on the right-hand side of the above expression can be 
obtained in a closed form by use of the formulae 

I N+2 (x) = mM , u . J 2(x) = . 2 - . 2 , : , (40) 

1\ [1\ +1J sm (qx) sin (x) 

for the sum 

9-1 

I N (x) = sm~ N (x + kn/q) . (41) 
k=l 

In particular, for a 4-dimensional spacetime, D = 4, we need ^(0) = (q 2 — l)/3. Consequently, 

For a six-dimensional spacetime, In{x) is a long expression obtained by the recurrence relation 
above, however we find li(0) = (q 2 — 1)(<7 2 + ll)/45. In this case we have 



ar 
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The above results, Eqs. (|42p and (|43[) . are analytical functions of q, and by the analytical 
continuation they are valid for arbitrary values of q. 



3.2 General case 

For the general case of the parameter q we have an integral representation for the VEV of the 
field squared by using (i29j) : 

o 2-D roo roo —z 

( * 2)s = pD4p J, dV9{ ^ v) I dz — K tv (z)F(z V 2 /r 2 ), (44) 

where and in the discussion below we use the notation 

F(x) =x^e x K v (x). (45) 

As before, we see that the contribution induced by the cosmic string in the VEV of the field 
squared depends on the ratio r/rj. For the covariant d'Alembertian of the string induced part 
in the VEV of the field squared we find 

foo roo 

V CT V CT ($ 2 ) S = (27r)(g+3)/2 J dvg(q,v) J dze^K^yz) 

x {2(1 - l/y)[zF'(z)}' + (1 - D)F'(z)} . (46) 
Note that for the derivatives of the function F{z) we have the relations 

[zF'(z)]' = (D-l + 2z) F'(z) - [£D{D - 1) + mV + (D - 2)z] F(z)/z, (47) 

and 

F'(z) = z^e z 



^^ + - z +l\K v {z)-K v+1 {z) 
For a conformally coupled massless scalar field, v = 1/2, the formula (|44|) reduces to 

-(D+l)/2 xD _ 2 



(48) 



r((D - l)/2) \arJ J 

For even values of D, by using the formula T(l + iv)T(l — iv) = ttv/ sinh(7rw), the integral is 
evaluated explicitly. In particular, for D = 4,6 we recover the results (|4*2|) and (j4"3j) . 

The general formula for the string induced part in the VEV of the field squared is simplified 
in asymptotic regions of small and large distances. For small values of the ratio r/r] (points near 
the cosmic string) the argument of the Mac-Donald function in (|44|) is large and to the leading 
order one has F{x) ~ y / 7r/2x' D / 2-1 . With this approximation the integral over z is evaluated 
by using the formula [50] 

o lvK ' 2? r(/3 + l/2) ' 1 ; 



roo 

Jo 



and one finds 

(<J> 2 )s« (JL\ D ~ 2 r d vg(q,v)h(v). (51) 
\arJ J Q 

In this formula and in the discussion below we use the notation 

8(4^)-( D+1 )/ 2 

Hv) = r(0 p _ 1)/2) r (D/2 - 1 + iv)T(D/2 - 1 - iv). (52) 
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Comparing with (|49p . we conclude that at small distance, the leading order term of the string 
induced part in the VEV of the field squared coincides with the corresponding result for a 
massless conformally coupled field. 

At large distances from the string, r/rj S> 1, we replace the Mac-Donald function in F(x) 
by the corresponding asymptotic expression for small values of the argument. After that the 
integral over z is evaluated by formula (|50p and for real values of the parameter v one finds 

,*2x a 2 - D T{u) , v \D-i-2v [°° 

,D-l , ,D- 1 
xr(— u + iv)T(— v-iv). (53) 



For a conformally coupled massless scalar field this result coincides with the exact formula (|49p . 
For imaginary values of u, in the similar way, we have the following asymptotic estimate 

<* 2 >s « -T^^fe (^"'sinpMlnfo/Zr) +^ ], (54) 



(47r) D / 2 a D - 2 Vr 
where -£>(<?, |f|) and the phase ipQ are defined by the relation 

W ' M 7o sinh( 1/ 7r)r(l + i/)r(D/2 + 1/) 1 ' 



Hence, in this case, at large distances from the string, the string induced part decays as r 
and the damping of the corresponding VEV has an oscillatory nature. 



l-D 



4 Vacuum expectation value of the energy-momentum tensor 

In this section we shall analyze the contribution to the VEV of the scalar energy-momentum 
tensor induced by the cosmic string. As in the previous section we may write 

(7» = (T^} d s + (T^) s , (56) 

where (T^)^ is the corresponding VEV in dS spacetime when the string is absent. The latter 
does not depend on the spacetime point and is well-investigated in literature [151 EH HZ]- ^ 
corresponds to a gravitational source of the cosmological constant type and, in combination with 
the initial cosmological constant A, given by ([2]) , leads to the effective cosmological constant 
A c g = A + 87rG(TQ)dS) where G is the Newton gravitational constant. The string induced 
contribution is obtained by use of the formula 

(3» s = lim d^G^x, x') + [(£ - 1/4) g^V a V° - £V M V V - £R ) ($ 2 ) s , (57) 

X 1 — >x 

where 

R„ v = {D- l)g^/a 2 (58) 
is the Ricci tensor for the background spacetime. 
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4.1 Special case 

First we consider the special case of integer q. By using the expressions for the Wightman 
function and the VEV of the field squared, after long calculations the diagonal components of 
the energy-momentum tensor are presented in the form (no summation over fj,) 

A q ~ l 

a k=l 

where we have defined 

A = [(£ - 1/4) V CT V CT - £(D - I) /a 2 ] ($ 2 ) s . (60) 
In (|59p we have introduced the notations 

/<°>(*) = (l-4Z)z[zG'(z)}' + G'(z)/2, 

fW(z) = (AZ-l)z[zG'(z)]'/y + [l-^z(l/y + l)}G'(z)/2, (61) 
f^(z) = (l-z/y)[zG'(z)}' -[l + ^z(l-l/y)]G'(z)/2, 
f^(z) = (l-4£*)G'(*)/2, fi = 3,...,D-l. 
For the non-zero off-diagonal component one has 

(T 1 °) s = ^^c fc {(l-4e)[c fc G'(c fc )r +2£G'(c fc )}. (62) 

Ta k=l 

We recall that for a conformally coupled massless scalar field one has G(z) = z 1 ~ D / 2 and, as it 
can be easily seen from (|62|) . the off-diagonal component vanishes. The explicit expression for 
the part A directly follows from formulae (|34p and ([36]): 

k=l k 

Now it can be checked that the components of the energy-momentum tensor satisfy the trace 
relation 

(T£) e = D(£ - e c )V M V^(«I> 2 ) s + m 2 (<D 2 ) s . (64) 

In particular, for a conformally coupled massless scalar this tensor is traceless and the trace 
anomalies are contained in the purely dS part only. Note that from the covariant conservation 
equation V^r^ = we have also the following relations between the components of the energy- 
momentum tensor: 

dX+ l -{Tll-DT»)- l -d r {nr) = 0, 

d v T^ + -lf--d r (Tlr) + -Ti = 0. (65) 
rj r r 

These relations are fullfilled separately for pure and string induced parts in the VEV of the 
energy-momentum tensor. 

In figure [2] the string induced part in the VEV of the energy density is depicted as a function 
of r/77 in the case of a minimally coupled scalar field with ma = 1 (left panel) and ma = 2 
(right panel) in 4-dimensional dS spacetime. For the right panel the parameter v is imaginary 
and the decay of the VEV is oscillatory. In the next subsection this feature will be seen from 
the corresponding asymptotic formula. 



1 - - ) [c k G'(c k )}' + ^—^G'(c k ) 
V 2 



tip - 1) G(c k ] 



(63) 



11 




Figure 2: The vacuum energy density induced by the string in 4-dimensional dS spacetime versus 
r/r] for a minimally coupled scalar field with ma = 1 (left panel) and ma = 2 (right panel). 



4.2 General case 

For an arbitrary value of q, we need the formulae (|29|) and (|44|) . For this case the calculations 
of the components of the energy-momentum tensor are much longer. The final results for the 
diagonal components are given below (no summation over jj): 

o — D roc roo 

(T^ s = A-—-j-— dvg(q,v) dz K tv (yz)g^ '(z), (66) 



(27r)( B + 3 )/ 2 J 

where A is defined by the relation (|60p and the following notations are introduced 



gM(z) = (4Z-l)[zF'(z)]> + F(z), 

gW(z) = (l-40[zF'(z)]'/y-2ai/y + l)F'(z)+F(z), (67) 

g {2 \z) = [zF , (z))'/y-2[z + Z(l-l/y))F'(z)-F(z), 

gV)( z ) = -2iF'{z)+F{z), M = 3,..., D - 1. 

In addition to diagonal components there is also non-zero off-diagonal component 
(T?)s = - {27r){D % /2 J Q dvg(q,v)j Q dz K iv {zy)e^ {(4£ - l)[zF'(z)}' + 2£F'(z)} . (68) 



Note that for the covariant d'Alembertian in (|60p we have formula (|46p and for this part one 
obtains 

8a-° 



(69) 



A = (27r )(D + 3)/2 J dv 9(Q,v) I dze yz K iv (yz) 



x { (4* - 1) [ (l - ~) [***(*)]' + 1 -^-F\z)^ - ^-^F{z) } 



It can be explicitly checked that the string induced parts in the components of the VEV of the 
energy-momentum tensor satisfy the trace relation ([Hi 
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For a conformally coupled massless scalar field one has v = 1/2 and the off-diagonal com- 
ponent (|68p vanishes. For the diagonal components in this case one has (no summation over 

M) 

(Tj) s _ i / v_\ n r 



where the function h(v) is defined by relation (I52|) , 

The asymptotic behavior of the string induced part in the VEV of the energy-momentum 
tensor at small and large distances is investigated in the way similar to that used above for the 
case of the field squared. For points near the string, r jr\ <C 1, to the leading order we have 



(T °) s « (Tf> s «-(-^) D f"dvg(q,v)h(v) 



(71) 
(72) 



(D-2) (e-Cc)--^ 

For the off-diagonal component the corresponding formula takes the form 

n _ i / n \ d— i r 00 
(2?> B «-(£>- 2) (-5-) / dvg(q,v)h(v). (73) 

In the case of a conformally coupled massless scalar field these formulae coincide with the exact 
results. 

At large distances form the string, r/rj 3> 1, and for real values of the parameter v for the 
energy density we have the following asymptotic expression: 



n (D - l)a~ D T(u) / V \D-l-2u 

(r 0), w -[( - 1 -2,)K-l/4) + ^' D/2+lr ' (D/2 ^ ) (I 



x J dvg(q,v)r(¥^-v + iv\r(2^-v-ivj. (74) 

The corresponding expressions for the other components are found from the relations (no sum- 
mation over n) 

( T P* ra ^TT^o)- M = 1,2,... ) D-1 J 

<2f>. - ^" n 1 " 2t/ (^ (75) 

In this limit the diagonal vacuum stresses are isotropic. Note that for a conformally coupled 
massless scalar field these leading terms vanish and it is necessary to keep the next terms in 
the asymptotic expansion. For imaginary values of the parameter u, in the way similar to that 
used above for the field squared, it can be seen that the string induced parts in the diagonal 
components of the energy-momentum tensor behave as (r]/r) D ~ 1 sin[2|f | ln(ry/2r) + ifii], where 
the phase is different for separate components. For the off-diagonal component the amplitude 
of the oscillations decays as (r]/r) D . 

5 Conclusion 

In this paper we have investigated quantum effects associated with massive scalar fields in higher- 
dimensional dS space in presence of an idealized cosmic string. In fact we were more interested 
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to calculate the contributions induced by the conical structure of the sub-space produced by the 
string. In order to develop this analysis we have presented the complete Wightman function as 
the sum of two contributions: i) The first one corresponds to the Wightman function on the 
bulk in the absence of the string and ii) the second one is induced by the presence of the string. 
First in this analysis, we have considered the case where the parameter q, the fractional part of 
2-7T by the planar angle on the conical surface is an integer number. In this case the Wightman 
function is presented as image sum of the dS Wightman functions, and the VEV for the field 
squared and the energy-momentum tensor induced by the string, have been calculated by using 
the subtracted Wightman function given in (122ft with (120ft . For points away from the string the 
corresponding Wightman function is finite at the coincidence limit and can be used directly for 
these evaluations. 

For general value of the parameter q, we have used the Abel-Plana formula for the summation 
over the azimuthal quantum number to provide an explicit representation for the subtracted 
Wightman function, Eq. (129ft . Also for this case we have provided the VEV for the field squared 
and energy-momentum tensor in integral forms, formulae (|44ft. (|66ft . (|68ft. These VEVs depend 
on the radial and time coordinates in the combination of r/r/ which is the proper distance from 
the string measured in the units of the dS curvature radius a. These formulae are further 
simplified for points near the string and at large distance from it. At small distance, the leading 
order term of the string induced parts in the VEVs coincide with the corresponding quantities 
for a massless conformally coupled field. In this limit the VEVs behave like (ar/r]) 2 ~ D in the 
case of ( < 3? 2 )s and like (ar/r])~ D for diagonal components of the energy-momentum tensor. For 
the off-diagonal component the leading term vanishes and one has (T®) s ~ (ar /rf) l ~ D . As the 
pure dS parts in the VEVs are constants, near the string, the string induced parts dominate. At 
large distances from the string and for real values of the parameter v } the string induced parts in 
the VEVs of the field squared and in the diagonal components of the energy-momentum tensor 
monotonically decay as (r]/r) D ~ 1 ~ 2u . At large distances and for imaginary v the corresponding 
string induced parts oscillate with the amplitude going to zero as (r)/r) D ~ l . 

The analysis of VEV associated with scalar and fermionic quantum fields in the presence of 
composite topological defects have been presented in [52] and [53], respectively. In these papers 
a global monopole and cosmic string have been considered in a higher-dimensional spacetime. 
There, by using similar procedure as presented here, we calculated the contribution induced by 
the cosmic string on the corresponding vacuum averages. 
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A Integral representation for the Wightman function 

In order to transform the Wightman function, we integrate over the angular part of the vector 
k by using the formula 

/ <ik e <—F W = jf dkk^Fik) ^^ . (76) 
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Then we present the product of the Hankel functions in terms of the MacDonald function, 



*v-u •W* H V)(\ v )[HiP(\r/)]* = ^K v (-i\r,)K v (i\rf), (77) 



and use the formula 
K u (a)K u (b) 



poo P-f-OO 

- dx dyx~ 1 exp[-2uy-abx~ 1 cosh(2y)-x/2-(a 2 + b 2 )/2x]. (78) 

2 Jo J-oo 

As a result the expression for the Wightman function is presented in the form 



1 ; a D - 2 (27r)( D+1 )/ 2 |Az|( D - 5 )/ 2 J ^ 



-oo 

e" 

n=— oo 



^^iW^hW / dkk^ D - 3 y 2 j {D _ 5)/2 (k\Az\) 

Jo 

roo /*+00 

x / / dyx' 1 e^(-2uy-x/2- \ 2 /3/2x), (79) 

jO J-00 

with the notation 

/3 = 27777' cosh(2y) - r/ 2 - r/ 2 . (80) 
The integral over k in Eq. (|79p is taken with the help of the formula 

^' 2 / |Azl 2 x 



2/3 

(81) 



J dkk( D -V/ 2 J (D _ 5)/2 (k\Az\)eM-k 2 P/2x) = |Az|( D - 5 )/ 2 (J J exp 
This leads to the following result 

/ /\(D—l)/2 +00 poo /*-foo 

G ( x '> x ) = J-^)(g+i)/2 E e " 9A 7 dp P J qH (pr)J qH (pr')J^ dyexp(-2vy) 

/•oo 

x2 (D-3)/2 / ^ n (^~5)/2 exp[ _ (/5+ | Az |2 )n _ p2/4u] _ ( g2) 
JO 

After the integration over p by the formula 

/"OO 

/ dp H|n|(H</ g |n|(^ , )e- p2/4M = 2uexp[-(r 2 + r' 2 )u]I qlnl (2rr'u), (83) 

JO 



'0 

from (|82p we find 



^ ' n=— 00 00 

/•oo 

x / d«it (D - 3)/2 exp[-(^ + |Az| 2 + r 2 + r' 2 )7j]/ g | n |(2rr''u). (84) 
Jo 

Now we consider the integral over y. Introducing a new integration variable z = e 2y one finds 

/+00 
dy exp(— 2vy) exp(— 27777' cosh(2y)u) = K v (2r}rfu). (85) 
-00 

Hence, for the Wightman function we find the final expression (|14|) , 
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